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The potential use of drones in logistics
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Attempts to use drones for parcel delivery service 

Amazon’s Prime Air
(source: amazon.com)

DHL’s Parcelcopter
(source: dhl.com)

The Benefits and Shortcomings of a drone-based delivery system 

• Have a low per-mile cost
• Operate without human intervention
• Travel at high speeds while being unaffected by road traffic

• Have an extremely low carrying capacity and short travelling radius 
• Necessitate frequent returns to a central depot.

Shortcomings

Benefits

Workhouse’s HorseFly
(source: workhouse.com)
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Operation characteristics of drone and truck

• The flying sidekick traveling salesman problem: Optimization of drone-assisted parcel delivery,  
Murray, C. C. and Chu, A. G. (2015)

The authors presented a mathematical formulation and proposed a route-construction type heuristic. 

• Drone delivery from trucks: Drone scheduling for given truck routes, 
Boysen, N., Briskorn, D., Fedtke, S. and Schwerdfeger, S. (2018) 

Boysen et al. considered the drone scheduling problem (DSP), which determines the drone route from 
a given truck route. 

• Traveling salesman problem with a drone station, Kim, S. and Moon, I. (2019)
With a given set of drone stations, the authors developed an optimization algorithm by deriving a 
decomposition method. 

• Matheuristic algorithms for the parallel drone scheduling traveling salesman problem, 
DellAmico, M., Montemanni, R. and Novellani, S. (2020) 

Two heuristic algorithms for the PDSTSP were developed by DellAmico et al.

Two distinct approaches in the literature  
(1) The variants of the FSTSP, and (2) The drone station-based approaches 

The drone-truck cooperation routing

Drone Weight

Truck



Heterogeneous Drone-Truck Routing Problem (HDTRP)
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• The HDTRP addresses the drawbacks of the previous approaches by replacing the concept of 
drone stations with truck’s temporary waiting.

• We consider heterogeneous drones that have different characteristics such as battery capacity 
and flight speed.

• We develop an exact algorithm based on the logic-based Benders decomposition approach.
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Example of the HDTRP
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Assumptions

1. Each drone can carry a single demand.

2. Each drone has specific speed and battery capacity.

3. The truck has a sufficient capacity to deliver all demands while carrying all drones

4. Multiple drones can be dispatched for deliveries at the same time, and the drones must return to the 
location the drones depart from.

5. The truck can leave the node only after all drones return to the truck.

The total time for complete delivery is 
83 (=70+7+6). 

The goal is to minimize the total sum 
of truck travel and waiting times.
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𝑠/𝑡 : Duplicated depot nodes
𝑁 : Set of customers
𝑁! :  𝑁 ∪ {𝑠}
𝑁" : 𝑁 ∪ {𝑡}
A : Set of arcs 𝑖, 𝑗) 𝑖 ∈ 𝑁!, 𝑗 ∈ 𝑁", 𝑖 ≠ 𝑗
𝐵# : Battery capacity of drone 𝑙
L : Number of drones
𝑡$%& : Travel time of vehicle from 𝑖 to 𝑗
𝑡$%# : Travel time of drone 𝑙 from 𝑖 to 𝑗
𝑠%& : Service time of vehicle node 𝑗
𝑠%# : Service time of drone 𝑙 node 𝑗
𝑏$% : Required battery when the drone delivers the demand for 𝑗 from 𝑖

Parameters

Decision variables

𝑥$% : 1 if the vehicle travels from 𝑖 to 𝑗, 0 otherwise
𝑦$% : 1 if 𝑗 is delivered from 𝑖 by the drone, 0 otherwise
ℎ$%# : 1 if 𝑗 is delivered from 𝑖 by the drone 𝑙, 0 otherwise
𝑣$ : Visiting order of node 𝑖
𝑤$ : Waiting time of node 𝑖

HDTRP Notation
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Minimize the sum of the total waiting times,
the travel times, and the service times. (1)

The well-known flow balance constraints. (2,3,4)

The sub-tour elimination constraints. (5)
At least one truck or drones must serve all nodes. (6)

The drones can be dispatched from the node 𝑖
only if the truck visit the node. (7)
The total battery consumption cannot exceed the
given battery capacity. (8)
Only one drone deliver to node 𝑗 from node 𝑖. (9)

The waiting time should be greater than or equal 
to the total time spent by the drone deliveries. (10)

Mathematical Formulation : Problem (P)

The problem (P) has many binary decision 
variables that make solving the formulation 

by the MIP solvers very challenging. 

𝑣! = 0,

+
"∈$!

𝑤" + +
(",')∈)

(𝑡"'* + 𝑠'*) 𝑥"'

+
'∈$

𝑥!' = 1 ,

+
'∈$":',"

𝑥"' = +
'∈$!:',"

𝑥'" , ∀𝑖 ∈ 𝑁,

+
"∈$

𝑥"- = 1 ,

𝑣" − 𝑣' ≤ 𝑀 1 − 𝑥"' − 1, ∀(𝑖, 𝑗) ∈ 𝐴,

+
"∈$!:",'

𝑥"' + +
"∈$!:",'

𝑦"' ≥ 1 , ∀𝑗 ∈ 𝑁,

𝑀 +
'∈$":',"

𝑥"' ≥ +
'∈$:',"

𝑦"' , ∀𝑖 ∈ 𝑁!,

+
"∈$!

+
'∈$:',"

𝑏"'. ℎ"'. ≤ 𝐵. , ∀𝑙 ∈ 𝐿,

𝑦"' =+
.∈/

ℎ"'. , ∀(𝑖, 𝑗) ∈ 𝐴,

𝑤" ≥ +
'∈$:',"

2𝑡"'. + 𝑠'. ℎ"'. , ∀𝑖 ∈ 𝑁! 𝑙 ∈ 𝐿,

𝑥"' ∈ 0, 1 , ∀(𝑖, 𝑗) ∈ 𝐴,

𝑦"' ∈ 0, 1 , ∀(𝑖, 𝑗) ∈ 𝐴,

ℎ"'. ∈ 0, 1 , ∀ 𝑖, 𝑗 ∈ 𝐴, 𝑙 ∈ 𝐿.

(P)  min

s.t.

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 

(11) 

(12) 

(13) 

(14) 
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Logic-based Benders Decomposition Approach 

The Benders Master Problem (BMP)
• Find the best discrete decision, which in turn is provided to the BSP. 

The Benders Subproblem (BSP)
• The BSP is solved after “fixing” the discrete decision variables to assert the validity of the provided 

solution of the BMP. 

𝑶𝒑𝒕𝒊𝒎𝒂𝒍𝒊𝒕𝒚 cuts, 𝑭𝒆𝒂𝒔𝒊𝒃𝒊𝒍𝒊𝒕𝒚 cuts

The Classical Benders Decomposition

• BSP should be a convex optimization problem because the Benders cuts are obtained from the duality 
of the BSP. 

• However, we cannot employ the classical Benders decomposition approach for solving the problem (P). 
(∵ The BSP is an MIP problem) 

The Logic-based Benders Decomposition

The main idea is to utilize “inference dual” that provides a valid lower bound of 
the objective value for the Benders master solutions. 

The problem (P) consists of two distinct decisions: the truck route (i.e., 𝑥"') and drone deliveries (i.e., ℎ"'. ).
Without the coupling constraints (6) and (7), the problem can be separated into two independent decision problems. 



9

HDTRP Flowchart : Branch-and-Cut Algorithm

Integer feasible 
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start
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Output the solution

End

Yes
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No

No

BnB terminated?

: Benders Master Problem (BMP)
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: Benders Subproblem (BSP)
<The Drone Delivery>

Two Separation
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Benders Master Problem (BMP)
The purpose of the problem (BMP) is to find a feasible truck route. 

There is no sub-tour elimination constraints

The binary decision variable 𝑧! is 1 if the truck 
visit node 𝑖, 0 otherwise.

Proposition 1. The constraints (25) exclude no 
integer optimal ℎ!"

# solutions while strengthening 
the linear relaxation bound.

GCS (Generalized Cutset Inequalities)

Since there are exponentially many constraints (26), 
we use the branch-and-cut method.

!
(",')∈)

(𝑡"'* + 𝑠'*) 𝑥"' +𝑊

!
'∈$!:',"

𝑥"' = 𝑧" , ∀𝑖 ∈ 𝑁,

!
"∈$":",'

!
.∈/

ℎ"'. ≤ 1 − 𝑧' , ∀𝑗 ∈ 𝑁,

𝑧" ≥ ℎ"'. , ∀ 𝑖, 𝑗 ∈ 𝐴, 𝑙 ∈ 𝐿,

!
"∈$",'∈$,',"

𝑏"'. ℎ"'. ≤ 𝐵. , ∀𝑙 ∈ 𝐿,

𝑊 ≥ !
"∈$"

𝑤" ,

𝑤" ≥ !
'∈$:',"

2𝑡"'. + 𝑠'. ℎ"'. , ∀𝑖 ∈ 𝑁! 𝑙 ∈ 𝐿,

𝑥"' ∈ 0, 1 , ∀(𝑖, 𝑗) ∈ 𝐴,

𝑧" ∈ 0, 1 , ∀𝑖 ∈ 𝑁! ,

ℎ"'. ≥ 0, ∀ 𝑖, 𝑗 ∈ 𝐴, 𝑙 ∈ 𝐿.

(BMP)  min

s.t. (2) − (4),

(15) 

(16) 

(17) 

(18) 

(19) 

(20) 

(21) 

(22) 

(23) 

(24) 

𝑤" ≥ min
.∈/

2𝑡"'. + 𝑠'. !
.∈/

ℎ"'. , ∀ 𝑖, 𝑗 ∈ 𝐴. (25) 

!
($,&)∈)#(*)

𝑥$& ≥ !
($,&)∈)#({,})

𝑥$& , ∀𝑘 ∈ 𝑆, 𝑆 ⊆ 𝑁, |𝑆| ≥ 2, (26) 

where 𝛿$ 𝑆 ≔ 𝑖, 𝑗 ∈ 𝐴 𝑖 ∈ 𝑆, 𝑗 ∉ 𝑆}
i.e., a set of arcs leaving the set 𝑆
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GCS Separation

At every node during the branch-and-bound search for solving the problem (BMP), we solve 
the separation problem presented in Algorithm 1, which is adopted from Taccari (2016). 



12

Benders Subproblem (BSP)

The goal of the BSP is to identify Benders cuts with a given Benders master solu4on.
Let (𝑥∗, 𝑧∗,𝑊∗) be a feasible truck solution of the (BMP), 𝑁&∗ 𝑧∗ ≔ 𝑖 ∈ 𝑁 𝑧!∗= 0} , 𝑁'∗ 𝑧∗ ≔ 𝑖 ∈ 𝑁 𝑧!∗= 1}

Minimize the total waiting times. (27)

All customers in 𝑁&∗ served by the drones. (30)

Prevent dispatch of the drones if the truck does 
not visit the node. (31)

• The problem (BSP) is the 0-1 Multiple Knapsack Problem with side constraints which is NP-hard. 

• A significant number of binary decision variables are fixed to zero due to the constraints (31). 

• With a given 𝑧∗, solving (BSP) can result in two cases : and

+
"∈$!

𝑤"

+
"∈$!

+
'∈$:',"

𝑏"'. ℎ"'. ≤ 𝐵. , ∀𝑙 ∈ 𝐿,

𝑤" ≥ +
'∈$:',"

2𝑡"'. + 𝑠'. ℎ"'. , ∀𝑖 ∈ 𝑁! 𝑙 ∈ 𝐿,

+
"∈$!:",'

+
.∈/

ℎ"'. ≥ 1 − 𝑧'∗, ∀𝑗 ∈ 𝑁,

+
'∈$:',"

+
.∈/

ℎ"'. ≤ |𝑁|𝑧"∗, ∀𝑖 ∈ 𝑁,

ℎ"'. ∈ 0, 1 , ∀ 𝑖, 𝑗 ∈ 𝐴, 𝑙 ∈ 𝐿,

𝑤" ≥ 0, ∀𝑖 ∈ 𝑁!.

(27) 

(28) 

(29) 

(30) 

(31) 

(32) 

(33) 

(BSP)  min

s.t.

Infeasibility Optimal Solution



𝑝∗ = ∑$∈I 𝑧$∗Ω 𝑧∗ =
max

()*∗$',…,*

D𝑊-∗ −𝑊(

𝑞 − 𝑝∗
, 𝑖𝑓 𝑝∗ < 𝑝

D𝑊-∗ −𝑊*∗ , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 13

Benders Cuts

𝐶𝑎𝑠𝑒 1 ∶ (𝐵𝑆𝑃) 𝑖𝑠 𝑖𝑛𝑓𝑒𝑎𝑠𝑖𝑏𝑙𝑒 → Add the Benders 𝒇𝒆𝒂𝒔𝒊𝒃𝒊𝒍𝒊𝒕𝒚 cut.

𝐶𝑎𝑠𝑒 2 ∶ 𝐵𝑆𝑃 ℎ𝑎𝑠 𝑎𝑛 𝑜𝑝𝑡𝑖𝑚𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 → Add the Benders 𝒐𝒑𝒕𝒊𝒎𝒂𝒍𝒊𝒕𝒚 cut.

This means that, with the current 𝑧∗, the drones cannot complete the deliveries due to the shortage of battery.
The Benders feasibility cut is defined as follows: 

D𝑊-∗ : Objective value of the problem (BSP) with a given 𝑧∗ 𝑊∗ = D𝑊-∗ → no Benders cut
𝑊∗ < D𝑊-∗ → Benders 𝑜𝑝𝑡𝑖𝑚𝑎𝑙𝑖𝑡𝑦 cut𝑊* : A lower bound of waiting times, for any 𝑝 ∈ {𝑝,… , 𝑝}

We assume that, in the preprocessing stage, we obtained a lower bound of waiting times 𝑊1 for all solutions in 
𝑍1, i.e., for any𝑝 ∈ {𝑝, … , 𝑝}, 𝑊1 satisfies : 

The Benders optimality cut is defined as follows: 

𝑤ℎ𝑒𝑟𝑒 𝑎𝑛𝑑

Y
!∈//(-∗)

(1 − 𝑧!) + Y
!∈/0(-∗)

𝑧! ≥ 1. (34) 

𝑊P ≤ Y𝑊Q, ∀𝑧 ∈ 𝑍P (35) 

𝑊 ≥ Y𝑊Q∗ − Ω 𝑧∗ _
$∈I2(Q∗)

𝑧$, (36) 



𝛽B∗ 𝑧 = $𝑊B∗ − Ω 𝑧∗ (
D∈E.(B∗)

𝑧D ,

𝐶 𝑊F ≤ 𝑊G , ∀ 𝑝 ≤ 𝑝 < 𝑞 ≤ 𝑝

14

Theorem

The constraint (36) is a valid Benders optimality cut, if the following condition is 
satisfied : 

Proof. Let 𝛽Q∗(𝑧) denote the right-hand-side of the constraint (36), i.e., 

(B1) Y𝑊Q ≥ 𝛽Q∗(𝑧) for all feasible solution 𝑧 of the Benders master problem (BMP)

(B2) Y𝑊Q = 𝛽Q∗(𝑧)

The above conditions state that 𝛽Q∗(𝑧) should be a (tight) lower bound function of 𝑧.
For the condition (B1), assume that there is ̃ 𝑧̂ , which is a feasible solution of (BMP), 
such that Y𝑊Q̂ < 𝛽Q∗(𝑧̂). 
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Preprocessing

• To accelerate the branch-and-bound search by providing a good incumbent solution 

• To limit the length of the truck route so that the unnecessary search is avoided

• To provide the lower bound of the total waiting times 𝑊* for the Benders optimality cuts. 

The purpose of the preprocessing 

𝑧1 = 1,

!
$∈2!

𝑤$

!
$∈2!

!
&∈2:&4$

𝑏$&5 ℎ$&5 ≤ 𝐵5 , ∀𝑙 ∈ 𝐿,

𝑤$ ≥ !
&∈2:&4$

2𝑡$&5 + 𝑠&5 ℎ$&5 , ∀𝑖 ∈ 𝑁1 𝑙 ∈ 𝐿,

𝑦$& =!
5∈6

ℎ$&
5 , ∀(𝑖, 𝑗) ∈ 𝐴,

𝑧$ ≥ 𝑦$& , ∀𝑖 ∈ 𝑁1, 𝑗 ∈ 𝑁, 𝑖 ≠ 𝑗,

!
$∈2

𝑧$ = 𝑝 ,

!
$∈2!:$4&

𝑦$& + 𝑧& ≥ 1 , ∀𝑗 ∈ 𝑁,

𝑧$ ∈ 0, 1 , ∀𝑖 ∈ 𝑁1,

𝑦$& ∈ 0, 1 , ∀(𝑖, 𝑗) ∈ 𝐴,

ℎ$&5 ∈ 0, 1 , ∀ 𝑖, 𝑗 ∈ 𝐴, 𝑙 ∈ 𝐿.

(LW-p)  min

s.t.

(37) 

(38) 

(39) 

(40) 

(41) 

(42) 

(43) 

(44) 
(45) 
(46) 
(47) 
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Experiments Environment

• Linux machine equipped with Intel i9-9900KS 5GHz CPU and 64GB RAM 

• The algorithm was implemented by Python 3.7 

• CPLEX 12.10 was used for solving the mathematical formulations 

Experiments Setting

Test Instances

• VRP problems by Solomon(1987) and Augerat(1995)

• To address the trade-off between flight speed, service speed, and battery capacity, we introduce 

three parameters: 𝛼#, 𝛽#, 𝐵#

• For a drone 𝑙 ∈ 𝐿, the smaller 𝛼#, the faster the drone is. Similarly, the parameter 𝛽# controls the 

drone’s relative service speed

• 𝑏!"# represents the battery consumption for a round-trip, so the flight time is the sum of the round 

trip and service time 

𝑡$%# ← 𝛼#𝑡$%& , ∀ 𝑖, 𝑗 ∈ 𝐴,

𝑠$# ← 𝛽#𝑠$&, ∀𝑖 ∈ 𝑁,

𝑏$%# ← 2𝑡$%# + 𝑠%#, ∀ 𝑖, 𝑗 ∈ 𝐴.

(50) 

(51) 

(52) 
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Computational Results
Table 1 : Computational results for smaller problems with |𝑵| < 40. Drone parameters: 𝐿={0,1}, 
(𝐵2, 𝛼2, 𝛽2)=(100,0.4,0.4) and (𝐵3, 𝛼3, 𝛽3)=(50,0.2,0.2). *: time limit (3600 seconds) reached

>97.08

>3.47

>11.66
>12.41
>3.46

The more clustered the nodes, the faster the Benders approach becomes compared to Cplex. 



18

Computational Results
Table 2 : Computational results for smaller problems with |𝑵| ≥ 40. Drone parameters: 𝐿={0,
1}, (𝐵2, 𝛼2, 𝛽2)=(160,0.4,0.4) and (𝐵3, 𝛼3, 𝛽3)=(100,0.2,0.2). *: time limit (3600 seconds) reach
ed

Our algorithm found better incumbent solutions with much smaller GAP values for most of the cases. 
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Best-known solutions to selected problems. 

The clustered nodes (a),(b),(c) : Each drone took multiple deliveries at a small number of waiting nodes.

The distributed nodes (d),(e),(f) : Result in many waiting nodes with shorter waiting times at each waiting node.



20

Sensitivity Analysis 
To assert the changes in the solutions for different drone configurations, we solved the same problems 
with various drone parameters. (Solomon C and R with 25 nodes)

The objective values decrease faster for the multiple drone cases, while the drone ratio values increase at a similar 
rate for all cases. Also there is a possibility of further reduction of objective value by having more drone batteries. 
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Solutions for different drone configurations 
Solomon C problem with 25 nodes. TB: Total battery. 

The truck routes of solutions remain similar regardless of the drone parameters. 
When there is a sufficiently large total drone battery, the truck visits a single node in each clustered area.
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Solutions for different drone configurations 
Solomon R problem with 25 nodes. TB: Total battery. 

The truck routes undergo significant changes with different drone parameters 
because there are no apparent center nodes. 
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Conclusion

• We considered the case in which the heterogeneous drones are carried by truck and can 
be used for delivery while the truck is parked and waiting. (HDTRP)

• We presented a mathematical formulation for the problem. 

• We developed an exact algorithm based on the logic-based Benders decomposition 
approach. 

• To accelerate the proposed Benders algorithm, we also developed a set of 
preprocessing steps (primal heuristics, variable bounding)

• We reported an extensive computational study that shows our algorithm outperforms the 
state-of-the-art MIP solver. 


